Scaling of the superfiuid density in high-temperature superconductors 
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A scaling relation p 3 ~ 35 <Jdc T c has been observed in the copper-oxide superconductors, where 
p s is the strength of the superconducting condensate, T c is the critical temperature, and Ode is the 
normal-state dc conductivity close to T c . This scaling relation is examined within the context of a 
clean and dirty-limit BCS superconductor. These limits are well established for an isotropic BCS 
gap 2A and a normal-state scattering rate 1/r; in the clean limit 1/r -C 2A, and in the dirty limit 
1/r > 2 A. The dirty limit may also be defined operationally as the regime where p 3 varies with 1/r. 
It is shown that the scaling relation p s oc <7d c T c is the hallmark of a BCS system in the dirty-limit. 
While the gap in the copper-oxide superconductors is considered to be rf-wave with nodes and a gap 
maximum Ao, if 1/r > 2Ao then the dirty- limit case is preserved. The scaling relation implies that 
the copper-oxide superconductors are likely to be in the dirty limit, and that as a result the energy 
scale associated with the formation of the condensate is scaling linearly with T c . The a- b planes 
and the c axis also follow the same scaling relation. It is observed that the scaling behavior for the 
dirty limit and the Josephson effect (assuming a BCS formalism) are essentially identical, suggesting 
that in some regime these two effects may be viewed as equivalent. This raises the possibility that 
electronic inhomogeneities in the copper-oxygen planes may play an important role in the nature of 
the superconductivity in the copper-oxide materials. 

PACS numbers: 74.25.Gz, 74.25.-q, 74.72.-h, 72.15.Lh 



I. INTRODUCTION 



Scaling laws express a systematic and universal sim- 
plicity among complex systems in nature. For example, 
such laws are of enormous significance in biology, where 
the scaling relation between body mass and metabolic 
rate spans 21 orders of magnitudei^ Scaling relations 
are equally important in the physical sciences. Since 
the discovery of superconductivity at elevated temper- 
atures in copper-oxide materials^ there has been con- 
siderable effort to find trends and correlations between 
the physical quantities, as a clue to the origin of the 
superconductivity^ One of the earliest patterns that 
emerged was the linear scaling of the superfiuid density 
p s oc 1/A 2 (where A is the superconducting penetration 
depth) in the copper-oxygen planes of the hole-doped 
materials with the superconducting transition temper- 
ature T c . This is referred to as the Uemura relation^ 
and it works reasonably well for the underdoped mate- 
rials. However, it does not describe very underdopedji 
optimally doped (i.e., T c is a maximum), overdopedj&S 
or electron-doped materials ,i2iii A similar attempt to 
scale p s with the dc conductivity Ode was only par- 
tially successful^ We have recently demonstrated that 
the scaling relation p s oc Ode T c may be applied to a 
large number of high-temperature superconductors, re- 
gardless of doping level or type, nature of disorder, 
crystal structure, or direction (parallel or perpendicu- 
lar to the copper-oxygen planes) ^ The optical values 
of p s (T <c T c ) and <Jdc{T > T c ) within the a- b planes 
have been determined for a large number of copper-oxide 
superconductors, as well as the bismuth-oxide material 
Bai_ x Ka;Bi03; the results are shown as a linear plot in 
Fig. ^ In this representation, the underdoped points 



near the origin tend to lie rather close together, and the 
c-axis points which are not shown would be visible only as 
a single point slightly below the underdoped data. While 
there is some scatter in the data, a linear trend is clearly 
visible, although it has been suggested that there is some 
deviation from this behavior in the extremely-overdoped 
materials^ When plotted as a log-log plot in Fig. El the 
linear trend is more apparent, and indicates that within 
the error the points may be described by the scaling re- 
lation p s ~ 35 <Jd c T c (in this instance both sides of the 
equation possess the same units, so that the constant is 
dimensionless) . In addition, the elemental BCS super- 
conductors Nb and Pb (without any special regards to 
preparation) are also observed to follow this scaling rela- 
tion reasonably well. 



II. EXPERIMENT 

The values for <Jd c and p s shown in Table I have been 
obtained almost exclusively from reflectance measure- 
ments from which the complex optical properties have 
been determined through a Kramers-Kronig analysis. 15 
The dc conductivity has been extrapolated from the real 
part of the optical conductivity Ode = — > 0) at 
T > T c . For T < T c , the response of the dielec- 
tric function to the formation of a condensate is ex- 
pressed purely by the real part of the dielectric function 
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ps 



/uj 1 , which allows the strength of the 



condensate to be calculated from 



ps 



-u £i(u) in the 



•p S = Airn s e /m* is the square of the 



uj — » limit. Here 
superconducting plasma frequency and p s = ojp S , and 
is the high-frequency contribution to the real part of the 
dielectric function. The strength of the condensate may 
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FIG. 1: The superfluid density p s vs <t,j c T c for the a-b planes 
of the hole-doped copper-oxide superc onductors for pure and 
Pr-doped YBa 2 Cu306 +I fRefs. H2I20II21II2II2I) ; YBa 2 Cu 4 08 
(Ref.pB) ; pure and Y/Pb-doped Bi 2 Sr 2 CaCu208 +( 5 (Refs.lH 
l2l23)7u nderdoped La^Sr^CuOM (Ref.|H; Tl 2 Ba 2 Cu06+ 5 
(RefT|23); electron-doped (Nd,Pr) 2 _ a; Ce a: Cu04 fRefs. [ToBSa. 
I29I) and the bismate material Bii-zK^BiCb (Ref.|33). Within 
error, all the points may be described by a single (dashed) 
line, p s ~ 35<7dcT c ; the upper and lower dotted lines, p s ~ 
44 (Jdc T c and 28 <7dc T c respectively, represent approximately 
the spread of the data. 



also be estimated by tracking the changes in the spectral 
weight above and below T c , where the spectral weight 
is defined as*i& N{lu, T) = (120/tt) 01 (u/, T) dcu' . The 
condensate may be calculated from the shift in the spec- 
tral weight p s = N n - N s , where N n = N(lu,T ~ T c ), 
and N s = N s (lu,T < T c ). This is the Ferrell-Glover- 
Tinkham sum rule which tracks changes in the optical 
conductivity <J\{ui) above and below T c due to the for- 
mation of a condensate at zero frequency^iiS These two 
different techniques typically yield nearly identical values 
for p s ; an exception exists in the underdoped materials 
along the c axis, where it has been suggested that there 
is missing spectral weight^ 



III. DISCUSSION 

A deeper understanding of the scaling relation as it 
relates to both the elemental superconductors and the 
copper-oxide materials may be obtained from an exami- 
nation of the spectral weight above and below T c in re- 
lation to the normal-state scattering rate and the super- 
conducting energy gap. When Nb is in the dirty limit, 
it follows the p s oc Udc T c relation, but in the clean limit 
there is a deviation from this linear behavior. (This re- 
sult will be explored in more detail shortly.) The terms 
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FIG. 2: The log-log plot of the superfluid density p 3 vs Od c T c 
for the a-b planes of the hole-doped copper-oxide supercon- 
ductors shown in Fig. The dashed and dotted lines are 
shown in this figure are the sames lines that were shown in 
Fig. Q The points for Nb and Pb, indicated by the atomic 
symb ols, als o fall close to the dotted line, p s — 35 ode T c 
fRefs. 133331) . 



"clean" and "dirty" originate from the comparison of the 
isotropic BCS energy gap 2A with the normal-state scat- 
tering rate 1/r; the clean limit is taken as 1/r <C 2 A, 
while the dirty limit is 1/r > 2A. The clean and dirty 
limits may also be expressed as / 3> £0 and / < £01 re- 
spectively, where I is the quasiparticle mean-free path 
and £0 is the BCS coherence length; because I oc r and 
£0 oc 1/A, this is equivalent to the previous statement^ 
The use of these definitions depends on having accurate 
values for 1/r and A. In general, BCS superconductors 
have relatively low values for T c , thus 1/r is assumed to 
have little temperature dependence close to the super- 
conducting transition. This assumption may be tested 
by suppressing T c through the application of a magnetic 
field in excess of the upper critical field (H C 2) and ex- 
amining the transport properties, which typically reveal 
little temperature dependence in 1 /r below the zero-field 
value of T c . The application of the the clean and dirty- 
limit picture to the copper-oxide superconductors is com- 
plicated by both the high critical temperature, and the 
superconducting energy gap which is thought to be d- 
wave in nature and momentum dependent (A^), con- 
taining nodesi^i^ The high value for T c suggests that 
1 /r may still have a significant temperature dependence 
close to T c . In the normal state the scattering rate is 
often observed to be rather large, scaling linearly with 
temperature^ and is presumed to be dominated by in- 
elastic processes. Indeed, below T c the quasiparticle scat- 
tering rate in the cuprates is observed to decrease by 
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TABLE I: The critical temperature T c , dc conductivity Ode = — > 0) just above T > T c , plasma frequency of the condensate 
uips and penetration depth \ a b for T <C T c , for light polarized in the a-b planes for a variety of single and double-layer copper- 
oxygen high-temperature superconductors. Values for Bai-^K^BiOa as well as several elemental superconductors have also 
been included. 



Material 


Note 


(Ref.) 


r c (K) 


a dc (Q, 'cm 1 ) 


uj vs (cm 1 ) 


\ab (H 


YBazCuaOe.gs 


a,b 


(2pJ 


70 


4400 ± 500 


5750 ± 600 


0.276 


YBaoCu^Ofi q k. 


ab 


(20) 


80 


6500 ± 600 


8840 ± 800 


0.180 


YBa 2 Cu 3 06.95 


a,b 


(20) 


85 


9200 ± 900 


9220 ± 900 


0.172 


YBa^Cu^Ofi a* 


a,b 


("201 


93.5 


10 500 ± 1000 


11 050 ± 800 


0.144 


YBa 2 Cu3C>6.60 


c 


(21,22) 


59 


6500 ± 600 


6400 ± 500 


0.248 


YBa 2 Cu 3 06.95 


c 


(21,22) 


93.2 


10 500 ± 900 


9950 ± 700 


0.159 


YBaaCugOr-,, 


b 


(23) 


92 


8700 ± 900 


9200 ± 700 


0.172 


Pr-YBa 2 Cu 3 7 -i 


b 


(23) 


40 


2500 ± 300 


3700 ± 300 


0.430 


Pr-YBa 2 Cu 3 7 _i 


b 


(23) 


75 


4900 ± 500 


7350 ± 600 


0.216 


YBa 2 Cu 4 8 


c 


(21) 


80 


6000 ± 600 


8000 ± 800 


0.198 


Bi^Ca^SrCuoOsj-^ 


(_■ 


(24.) 


90 


11 500 ± 900 


9565 ± 900 


0.166 


Bi 2 Ca 2 SrCu 2 0g + 5 


b 


(23) 


91 


9800 ± 800 


9600 ± 800 


0.165 


Bi 2 Ca 2 SrCu 2 08+5 


b 


(23) 


85 


8500 ± 800 


8710 ± 700 


0.182 


Y/Pb-Bi 2 Ca 2 SrCu 2 8+5 


b 


(23) 


35 


2500 ± 300 


3200 ± 300 


0.497 


Y-Bi 2 Ca 2 SrCu 2 8+(5 


b 


(23) 


40 


2600 ± 300 


3800 ± 300 


0.418 


Y-Bi? C&o SrCuo Okj_* 


b 


(25) 


43 


4200 ± 400 


5140 ± 500 


0.309 


Tl 2 Ba 2 Cu0 6+ 5 


b 


(2D 


88 


5000 ± 500 


6630 ± 500 


0.240 


Ndi. 85 Ceo.i5Cu04 


b 


(10.28) 


23 


28 000 ± 2000 


10 300 ± 900 


0.154 


Pri.8 5 Ceo.isCu04 


b 


(13) 


23 


30 000 ± 3000 


10 300 ± 900 


0.154 


Pri.8 5 Ceo.isCu04 


d 


(29) 


21 


15 000 ± 2000 


4820 ± 600 


0.330 




d 


(29) 


16 


50 000 ± 6000 


7960 ± 800 


0.207 


Lai. 8 7Sro.i3Cu04 


b 


(26) 


32 


7000 ± 700 


5600 ± 450 


0.284 


Lai. 86 Sr .i4CuO4 


b 


(26) 


36 


9000 ± 900 


6000 ± 500 


0.265 


Bao.6 2 Ko.3 8 Bi03 


b 


(30J 


31 


3800 ± 300 


4240 ± 400 


0.375 


Bao.6oKo.4oBi03 


b 


(30) 


28 


4400 ± 300 


4240 ± 400 


0.375 


Bao.54Ko.46Bi03 


b 


(30) 


21 


6000 ± 300 


4240 ± 400 


0.375 


Nb 


d 


(33) 


8.3 


2.5e5 


17600 


0.090 


Nb 


d 


(32) 


9.3 


8.5e5 


35 800 


0.044 


Pb 


el 


(32) 


7.2 


1.4e6 


41000 


0.038 



"Radiation damaged, twinned single crystal. 
'Light polarized in the a-b plane of a single crystal. 
Tight polarized along the a axis of a twin-free single crystal. 
d Thin film or oriented thin film. 



nearly two orders of magnitude at low temperatures £± 
This rapid decrease in 1 jr is also observed optically, but 
not to the same extent^ A gap with d x 2_ y 2 symmetry 
may be written as = Ao [cos(fc.j;a) — cos(fc y a)]; the 
gap reaches a maximum at the (0, 7r) and (n, 0) points, 
and vanishes along the nodal (n, tt) directions. The fact 
that the scattering rate of the quasiparticles restricted to 
the nodal regions of the Fermi surface for T <C T c is quite 
small has been taken as evidence that these materials are 
in the clean limit ^242di While it is certainly true that for 
T <C T c the scattering rate is small and the nodal quasi- 
particles have very long mean- free paths, it is problem- 
atic to assert that the superconductor is therefore in the 
clean limit. In a normal BCS superconductor 1/r is also 



observed to decrease dramatically below T c , regardless of 
the normal-state value of 1/r, due to the formation of a 
condensate, 42 Thus, the criteria of a small value of the 
quasiparticle scattering rate for T <C T c is not necessarily 
a good measure of whether or not the superconductivity 
is in the clean or dirty limit. As with BCS materials, it 
is desirable to suppress T c in the copper-oxide materials 
through the application of a magnetic field to determine 
the low-temperature behavior of 1/r. While H C 2 is quite 
large in the cuprates, experiments using pulsed magnetic 
fields can suppress T c ; in these experiments the resistivity 
of the optimally-doped materials matches the zero-field 
values at high temperatures due to the low magnetore- 
sistance, and the trend of slowly decreasing resistivity 
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continues smoothly to low temperatures ^JU^JQJl of- 
ten saturating at a value close to that observed at T c . 
The implication of these experiments is that the normal- 
state value of 1/t is a good measure of the scattering rate 
in those systems in which T c has been suppressed, and is 
therefore the value that should be considered when de- 
termining whether a system is in the clean or dirty limit. 
In addition to this explicit approach, a simpler method 
is to adopt an operational definition which states that 
if p s changes with respect to the normal-state value of 
1/t then the material is in the dirty limit; when p s is no 
longer sensitive to the value of 1 /r then the material is in 
the clean limit. Most of the materials in Fig.[2]are studied 
as a function of carrier doping, but it is also important 
to note that the introduction of disorder for fixed doping 
levels has also been studied^ The fact that all the ob- 
served results follow this linear scaling relation strongly 
suggests that many of the copper-oxide superconductors 
are close to or in the dirty limit (i.e., the superfluid den- 
sity changes in response to variations in 1 /r) . 



A. Clean limit 

The BCS model is used to describe the superconduc- 
tivity of simple metals and alloys. If the normal-state 
properties may be described by the simple Drude model 
in which the complex dielectric function is written as 
e(u>) = Cqo — ujp/[u)(u! + i'f)], where uj 2 — Airne 2 /m* 
is the classical plasma frequency with the free-carrier 
concentration n and effective mass m* , 7 = 1/t is the 
scattering rate, and is a high-frequency contribution. 
The dielectric function and the conductivity are related 
through a = o\ + i<Ji = — iwe/4-7r, thus the real part 
of the frequency-dependent conductivity has the form 
cti(oj) = <7de/(l + w 2 t 2 ) and (idc = WpT/47r, which has 
the shape of a Lorentzian centered at zero frequency 
with a width at half- maximum given by 1/t. The op- 
tical conductivity below T c has been calculated from an 
isotropic (s-wave) energy gap 2A that considers an arbi- 
trary purity levels The clean limit case (1/t <C 2 A) is 
illustrated in Fig. OJa) for the choice 1/t = 0.2A. An 
aspect of clean-limit systems is that nearly all of the 
spectral weight associated with the condensate lies below 
2A. As a result, the normalized spectral weight of the 
condensate^ 9 . (N n — N s )/p s shown in the inset of Fig. EH a) 
approaches unity at frequencies closer to 1/t rather than 
2A. The spectral weight for the condensate (the dif- 
ference in the area under the two curves, indicated by 
the hatched region) may be estimated as p s ~ Udc/T. If 
1/t cx T c for T ~ T c in the copper-oxide materials, 49 
then p s cx Udc T c , in agreement with the observed scaling 
relation. It is interesting to note that 1/t cx T c yields 
rather large values for the normal-state scattering rate, 
and it has been suggested that the copper-oxide materi- 
als are close to the maximum level of dissipation allowed 
for these systems^ Furthermore, even though a d-wave 
system complicates the interpretation of the clean and 
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FIG. 3: The optical conductivity for the BCS model in the 
normal (solid line) and superconducting states (dashed line) 
for a material in (a) the clean limit (1/t <C 2A), and (b) the 
dirty limit (1/t > 2A). The normal-state conductivity is a 
Lorentzian centered at zero frequency with a full width at half 
maximum of 1/t for T ~ T c . The spectral weight associated 
with the formation of a superconducting condensate is indi- 
cated by the hatched area. Insets: N n = N(lu,T ~ T c )/p s 
(solid line), N a = N(lu,T < T c )/p s (dashed line), and dif- 
ference between the two (long-dashed line), normalized with 
respect to p s ; in the clean limit (N n —N s )/p s converges rapidly 
to unity, and is fully formed at energies comparable to 1/t, 
while in the dirty limit convergence occurs at energies com- 
parable to 4A. 



dirty limit, large normal-state values of 1/t and relatively 
short normal-state mean-free paths^i are problematic for 
a clean-limit picture; to achieve the clean limit it is not 
only necessary that 1/t -C 2Ao, but also that 1/t < 2A& 
in the nodal regions. In fact, the clean- limit requirement 
is much more stringent for a rf-wave system than it is 
for a material with an isotropic energy gap, and it is not 
clear that it will ever be satisfied in the copper-oxide su- 
perconductors. This suggests that a dirty-limit view may 
be more appropriate. 
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B. Dirty limit 

In the BCS dirty limit, 1/r > 2 A; this is illustrated 
in Fig. OUb) for 1/r = 10A. In this case the normal- 
state conductivity is a considerably broader Lorentzian, 
and much of the spectral weight has been pushed out 
above 2A. As a result, the normalized spectral weight of 
the condensate, shown in the inset, converges much more 
slowly than in the clean-limit case. However, a majority 
of the spectral weight is captured by 2 A and p s is almost 
fully formed above 4 A (Ref. 19). In the dirty-limit case, 
the spectral weight of the condensate [the hatched area in 
Fig. Ola)] may be estimated as p s — <Jdc 2A. In the BCS 
model, the energy gap 2A scales linearly with T c , yielding 
p s oc (TdcTc, which is in agreement with the observed 
scaling relation. As in the clean-limit case, the nature 
of the gap is important. If 1/t > 2Ao, the spirit of the 
dirty-limit case is preserved for all A/.. While many of the 
points in Figs. ^ & El are doping-dependent studies and 
do not track systematic changes in 1/r, some of these 
points are for the same chemical doping with different 
scattering rates resulting from disorder that have either 
been deliberately introduced^ or that exist simply as 
a byproduct of synthesis (Table fyfZSi The observation 
that all the points obey a linear scaling relation satisfies 
the operational definition of the dirty limit, suggesting 
that the examined materials are either close to or in the 
dirty limit. 



C. Behavior of Nb 

It was noted in Fig. that the points for Nb and Pb 
agreed reasonably well with the scaling relation used to 
describe the copper-oxide superconductors. It is impor- 
tant to determine if these values represent clean or dirty- 
limit results. The expected behavior of Nb has been 
modeled using the BCS model^ for an arbitrary purity 
level with a critical temperature of T c = 9.2 K and a 
gap of 2A = 22.3 cm -1 (the BCS weak-coupling limit 
2A = 3.5 fee 7c). The normal-state is described using 
the Drude model with a classical plasma frequency of 
uj p = 56 000 cm -1 (Ref. I55T) and a range of scattering 
rates 1/r = 0.05 A — + 50A; from the Drude model the 
dc conductivity is a^ c = lo^t/QQ (in units of f2 -1 cm -1 
when the plasma frequency and the scattering rate have 
units of cm -1 ). The spectral weight of the condensate 
p s = N n — N s has been determined by integrating to 
uj ~ 200 A, where p s is observed to converge for all the 
values of 1/r examined. The result of this calculation is 
shown as the solid line in Fig.QJ and the vertical dashed 
line indicates where 1/r = 2 A. The point to the right 
of the dashed line is for Nb recrystallized in ultra-high 
vacuum^* to achieve clean-limit conditions in which the 
residual resistivity ratios [p(KF)/p(T > T c )j are well in 
excess of 100, and where p s — > u>p for T <C T c . As the 
scattering rate increases and the material becomes pro- 
gressively more "dirty", the strength of the condensate 
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FIG. 4: The log-log plot of the predicted behavior from the 
BCS model of the strength of the condensate for Nb for a wide 
range of scattering rates 1/r = 0.05A — > 50A, and assuming 
a plasma frequency ui p — 56 000 cm -1 , critical temperature 
T c = 9.2 K and an energy gap of 2A = 3.5 ks T c (solid line). 
The dashed line indicates 1/r = 2A. To the right of this 
line the material approaches the clean limit with a residual 
resistance ratio (RRR) of > 100; the right arrow indicates 
that for larger RRR's, <r ^ c close to T c increases, but p s has 
saturated to (the data point for Nb in this regime is from 
Ref. IH3) . As the scattering rate increases, the strength of the 
condensate adopts a lin ear sca ling behavior (dotted line); the 
two points for Nb fRefs. l32l33t) shown in Fig.|5|lie close to this 
line, indicating that they are in the dirty limit. The scaling 
relation shown in Fig. [5] (dash-dot line) is slightly offset from 
the BCS dirty-limit result. 



begins to decrease until it adopts the linear scaling be- 
havior p s ~ 65 Gdc T c observed in Fig. (It should be 
noted that the BCS model yields the same asymptotic 
behavior in the dirty limit, regardless of the choice of to p 
or A; the constant is only sensitive upon the ratio of A to 
T c .) The two points for Nb shown in Fig. [21 (reproduced 
in Fig. 0|, fall close to this line^SiS and are clearly in the 
dirty limit. Thus, the scaling relation p s oc <JdcT c is the 
hallmark of a BCS dirty-limit system^ The scaling rela- 
tion for the copper-oxide superconductors p s — 35 Od c T c 
is somewhat less than the p s — 65 Odc T c asymptotic be- 
havior observed for the weak-limit BCS material. How- 
ever, in the log-log representation of Fig. [3 the numerical 
constant in the scaling relation is the offset of the line. 
The line may be shifted by assuming different ratios be- 
tween 2 A and ksT c ; the initial value of ~ 65 was based 
on the weak-coupling value of 2A/ks T c ~ 3.5, while the 
observed value of ~ 35 may be reproduced by assuming 
a smaller ratio 2A/fcsT c ~ 2. The difference may also 
arise from the different symmetry of the superconducting 
energy gap in the two systems, and the fact that in the 
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copper-oxide materials there is still a substantial amount 
of low-frequency residual conductivity at low tempera- 
ture. Regardless of these differences, the empirical scal- 
ing relation p s oc <Jdc T c is observed in both the copper 
oxide and disordered elemental superconductors. If it is 
true in general that p s cx adc 2A, then this necessarily 
implies that A oc T c . In the optimally-doped and over- 
doped materials, there is some evidence that Ao oc T c 
(Refs. I57l58j) . In the underdoped materials, large gaps 
are observed to develop in the normal stated well above 
T c . While it has been noted that the energy scale over 
which spectral weight is transferred into the condensate 
is much larger in the underdoped materials than it is for 
the optimally-doped materials;S2^i the majority of the 
spectral weight is still captured at energies comparable 
to T c . This would tend to support the view that the en- 
ergy scale relevant to phase coherence and the formation 
of the condensate is proportional to T c . 

It is of some interest at this point to compare the em- 
pirical relation, that p s is proportional to <Jd c T c , with 
the expression for the penetration depth that is given by 
the Ginzburg-Landau theory modified for the dirty limit. 
In general, the expression for the London penetration 
depth is given by Xl(T — » 0) = ^/mc 2 / (4-7m s e 2 ), where 
n s = n is the superconducting carrier concentration. In 
the dirty limit one can show that p s (dirty)/p s (clean) = 
l/£o fRef. l3l|) . An increase in 1/r reduces the amount 
of superfluid and the penetration depth increases and 
can be written as A 2 = Since A 2 oc l/p s , 

£o oc l/T c , and adc oc I, then one can recover the re- 
sult that p s oc adcT c . It is possible that in a rf-wave 
system the presence of nodal regions with a small super- 
fluid density and A& -C Ao, that the coherence length in 
the above expression for A 2 now involves some average 
including the nodal regions. 



D. The c axis 

It was previously observed^ that the scaling relation 
p s ~ 35<Tdc T c is a universal result that describes not only 
the the a-b planes, but the c axis as well, as shown in 
Fig. While a description of the scaling based scatter- 
ing rates within the context of clean and dirty limits may 
be appropriate for the a-b planes where the transport is 
coherent, it is inappropriate along the c axis, where the 
activated nature of the temperature dependence of the 
resistivity indicates that the transport in this direction is 
incoherent and governed by hoppingiS In this case, the 
superconductivity along the c axis may be described by 
the Josephson effect, which for the BCS weak coupling 
case (2A = 3.5fc B T c ) yields p s ~ 65 a dc T c (Ref. 12). 
Surprisingly, this is precisely the result that was obtained 
in the a-b planes for the BCS weak-coupling case in the 
dirty limit in Fig. 0] indicating that from a functional 
point of view the dirty limit and the Josephson effect 
are nearly identical. One interpretation of this result is 
that the Josephson effect may arise naturally out of sys- 
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FIG. 5: The log-log plot of the superfluid density expressed 
as a plasma frequency p s = uj^ s vs adc T c for the a-b planes 
and the c axis for a variety of cuprates. Within error, all of 
the points fall on the same universal (dashed) line defined by 
p s ~ 35 a,ic T c ; the dotted line is the dirty limit result p s ~ 
65 adcTc for the BCS weak-coupling case (2A = 3.5fcsT c ) 
from Fig. [I] and also represents the Josephson result for the 
BCS weak-coupling case, used to describe the scaling along 
the c-axisi— (Values for the c-axis points are listed in the 
supplemental infomation of Ref. 13.) 

terns with an increasing amount of disorder, and that as 
a result any crossover from coherent to incoherent behav- 
ior results in the same overall scaling relation. Another 
somewhat more speculative possibility is that the copper- 
oxide superconductors may be so electronically inhomo- 
geneous that it may be possible to view the Josephson 
effect as appropriate not only for the c axis, but for the 
a-b planes as welli^iS^ 



IV. CONCLUSIONS 

The implications of the linear scaling relation p s oc 
Ode T c in the copper-oxide superconductors has been ex- 
amined within the context of clean and dirty-limit sys- 
tems. In the conventional BCS superconductors (such as 
Nb), this linear scaling is the hallmark of a dirty-limit 
system. The copper-oxide materials are thought to be d- 
wave superconductors, in which the clean limit is difficult 
to achieve. The observed linear scaling strongly suggests 
that the copper-oxide superconductors are either close to 
or in the dirty limit. Estimates of p s based on geomet- 
ric arguments imply that the energy scale below which 
the majority of the spectral weight is transferred into 
the condensate scales linearly with T c . The a-b planes 
and the c axis follow the same scaling relation^ The 
scaling behavior for the dirty limit and the Josephson 
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effect (assuming a BCS formaiism) is essentiaiiy iden- 
tical from a functional point of view, suggesting that in 
some regime the dirty limit and the Josephson effect may 
be viewed as equivalent. This raises the possibility that 
electronic inhomogeneities may play an important role in 
the mechanism of superconductivity in the copper-oxide 
high-temperature superconductors. 
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